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Introduction
In the nonoverlapping approach to domain decomposition (cf. 10], 21] and the references therein) the nite element equation for an elliptic boundary value problem is reduced, after parallel subdomain solves, to its Schur complement which involves only the nodal variables (degrees of freedom) on the subdomain boundaries. The condition number of the Schur complement has been investigated for second order elliptic problems and conforming nite elements in 3] and 18], and for a nite di erence scheme for the biharmonic equation on a rectangle with two subdomains in 11]. We present in this paper a general study of the condition number of the Schur complement in the context of nite element methods which covers elliptic problems of any order and both conforming and nonconforming nite elements.
Let be a bounded open polyhedral domain IR n (n = 2 or 3) and a( ; ) (the variational form of the elliptic boundary value problem) be a symmetric bilinear form on H m ( ) (m is a positive integer) which is de ned by an integral over . We assume that there exist positive constants C 1 and C 2 such that boundaries are aligned with T h (cf. Figure 1 ). The union J j=1 @ j of the subdomain boundaries will be denoted by ?. Figure 1 The boundaries of the subdomains consist of faces when n = 3 and edges when n = 2, and from here on we will refer to both as faces. Let 
The main result of this paper states that, under certain assumptions on the subdomains j and the nite element space V h , the following estimates hold: In order to avoid the proliferation of constants, we will use from here on the notation A < B (or B > A) to Some commonly used conforming nite elements for this equation are the Q 1 and P 1 elements for n = 2, and the Q 1 element for n = 3 (cf. Figure 2 , Figure 3 and Figure 4 ). The components of the sti ness matrix A are given by (1:5) a ij = a( i ; j ) for 1 i; j N :
Let I be the index set of the vertices not in ? (the internal nodes), and G be the index set of the vertices on ? (the skeletal nodes). Note that
We can arrange the ordering of the p j 's so that the internal nodes come rst, i.e., I = f1; 2; : : : ; n I g and G = fn I + 1; n I + 2; : : : ; n I + n G g where n I and n G are the number of internal nodes and skeletal nodes respectively. The sti ness matrix A can be written as = 0, where x I = (x 1 ; x 2 ; : : : ; x n I ) t and x G = (x n I +1 ; x n I +2 ; : : : ; x n I +n G ) t . We can therefore de ne, for`2 G, a function~ `2 V h (?) as follows:
where x g;`= 1 for g =`and 0 otherwise, and the coordinates x i;`a re determined by (1:10) A II x Ì + A IG x G = 0 :
Then f~ g : g 2 Gg is a basis of V h (?). Moreover it follows from (1:2) and (1:6) that The rest of the paper is organized as follows. The precise assumptions on the subdomains and the conforming nite elements are given in Section 2. The condition number estimates for the Schur complements are established for conforming nite elements in Section 3 and extended to nonconforming nite elements in Section 4.
Assumptions on the Subdomains and the Conforming Finite Element Space
We assume J 2 (so that ? \ 6 = ;) and that there are a xed number of reference polyhedral domains D k (1 k K), each with unit diameter, such that for each j there is an invertible a ne map j which maps j to one of the reference domains D k(j) . Let j (x) = A j x + b j where A j is a nonsingular n n matrix. We assume that Note that in particular diam j d and we do not assume that the subdomains j form a triangulation of (cf. Figure 1 On the other hand, condition (3:6) implies thatṽ = 1 on all the elements that are inside (cf. Remark 2.3). We may also assume h to be less than , otherwise the lemma follows from Lemma 3.5 below. Hence v =ṽ = 1 on ? 2 . We deduce from (1:2), (3:5) We prefer to use the inner product ( ; ) h;? in the conforming case because the de nition (1:2) is simpler than (4:4). Figure 10 As in Examples 1.1 and 1.2, the condition numbers of the Schur complement operators S h for these nonconforming nite elements are equivalent to the condition numbers of the Schur complement matrices obtained from the sti ness matrices.
Next we describe a framework that can derive condition number estimates for nonconforming Schur complement operators from the estimates for conforming nite elements. We make the following assumptions on the nonconforming nite element. The two estimates (4:13) and (4:14) show that For the nonconforming P 1 element, we can take its conforming relative to be the P 2 element. These elements are relatives in the sense that the shape functions of the P 1 element are also shape functions of the P 2 element and the nodal variables of the nonconforming P 1 element are also nodal variables of the P 2 element (cf. Figure 11 ).
Figure 11
Let W h be the nonconforming P 1 nite element space and V h be the conforming P 2 nite element space. We can construct I h : W h ?! V h as follows. Let w 2 W h . At a midpoint m, (I h w)(m) = w(m). At a vertex p, (I h w)(p) = w(m), where m is an adjacent midpoint (i.e., both p and m belong to the same edge in T h ). If p 2 ?, then we also choose m from ?.
For the Morley element, we can take its conforming relative to be the Hsieh-CloughTocher macro element (cf. Figure 10 and Figure 6 ). Let W h be the Morley nite element space and V h be the Hsieh-Clough-Tocher macro element space. We can construct I h :
W h ?! V h as follows. Let w 2 W h . Then (@ n I h w)(m) = (@ n w)(m) and (I h w)(p) = w(p) for any midpoint m and any vertex p. Note that rw is also well-de ned for w 2 W h , and we can de ne (at a vertex p) r(I h w)](p) = (rw)(m), where m is an adjacent midpoint. If p 2 ?, then we also choose m from ?.
A conforming relative for the Adini element is the Bogner-Fox-Schmit element (cf. Figure 9 and Figure 5 ). Let W h be the Adini nite element space and V h be the Bogner- Remark 4.5. The framework developed in this section can of course be applied to many other nonconforming nite elements. For example, it is applicable to the Wilson elements (cf. 23]) for two-and three-dimensional elasticity problems, where we can take the relatives to be the two-and three-dimensional Q 2 elements.
